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Abstract. Deformed W-algebra 'Wq,t{s) associated to an arbitrary simple Lie alge- 
bra g is defined together with its free field realizations and the screening operators. 
Explicit formulas are given for generators of Wq,t(g) when g is of classical type. These 
formulas exhibit a deep connection between ((g) and the analytic Bethe Ansatz 
in integrable models associated to quantum affine algebras Uq(Q) and (7t(^5). The 
scaling limit of 'Wq,ti0) is closely related to affine Toda field theories. 



in 

! 1. Introduction 

> ■ 

\^ • In this paper we define deformations of the W-algebras associated to arbitrary simple 

. Lie algebras, their free field realizations and the screening operators. The deformed W- 

^ I algebra Wg^t(g) associated to a simple Lie algebra g is a family of associative algebras 

■ depending on two parameters, q and t. In the case when g = Ai, the algebra Wq^f(g) 

', has been constructed in [|^, ^ (see also |^, 0). Various limits of 'Wq^f(g) can be 

I identified with previously known algebras. In particular, in the limit q 1 with t = q^ 

bi)' and P fixed, we recover the ordinary W-algebra corresponding to g. 

[ In the limits t — > 1 and g — > 1 the algebra 'Wg^j(g) becomes commutative, and has a 

natural Poisson structure. We conjecture that the Poisson algebra Wq^i(g) is isomorphic 
to the center of the quantized enveloping algebra C/g(g) at the critical level (see p^), 
while the Poisson algebra 'Wi^t(g) is isomorphic to the Poisson algebra obtained by the 
^ ■ difference Drinfeld-Sokolov reduction of the loop group G{{z)) (see |21, 0). In the 

^ , case g = A£, the first conjecture follows from results of fl^ and the second follows from 



> 



results of |2l|, we have also checked the second conjecture for g = C2 (see Appendix 
B). 

Another important limit is g — > e, where e = 1 for simply-laced g, and e = exp(7ri/r^) 
for nonsimply-laced g. Here is the order of the automorphism of a simply-laced Lie 
algebra that gives rise to g. In this limit, 'Wg^j(g) contains a commutative subalgebra 
t(g), which has a natural Poisson structure. We conjecture that the Poisson algebra 
j(g) is isomorphic to the center of the quantized enveloping algebra Ut{^Q) at the 
critical level. Here ■'"g is the affine algebra that is Langlands dual to g, that is the 
Cartan matrix of ^g is the transpose of the Cartan matrix of g. 

We remark that for simply-laced g, 'Wq^t(0) — ^^^^(g), but for nonsimply-laced g, 
Wq^f(g) is not isomorphic to y^t.qi^d), as one would expect by analogy with Langlands 
duality of the ordinary W-algebras jl^. This means that the duality becomes more 
complicated after deformation. 
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We give explicit formulas for generators of Wg^tCfl) when g is of classical type. These 
formulas exhibit a remarkable connection with the analytic Bethe Ansatz in integrable 



models associated with quantum affine algebras (see [g, [S^, [S^, |2^). Recall that in 
we conjectured (and proved in the case g = Ai) that the formulas for the free field 
realization of the center of Uqi^), i.e., 'Wq^i(g), coincide with Bethe Ansatz formulas for 
the eigenvalues of the transfer-matrices in the Uq(Q) integrable model. In this paper we 
will see further evidence of that. We will also see that the formulas for the free field 
realization of 'W(,^j(g) coincide with Bethe Ansatz formulas for transfer- matrices in the 
Ut{^Q) model. Furthermore, the formulas for the free field realization of y^i,t{Q) exhibit 
similarity with formulas for the eigenvalues of transfer-matrices in the integrable model 
associated to ?7f (g^), where = ^(^g). 

Thus, the free field realization of 'Wq^f(g) connects the analytic Bethe Ansatz formulas 
for UgiQ), C/t(^g) and [/^(gV). 

The Bethe Ansatz formulas can be written for any finite-dimensional representation 
of quantum affine algebra, and can be thought of as g-analogues of the character 
formulas. Numerous examples are known in the literature, see pi, p|, |0|. However, 
there seems to be no systematic algorithm for writing these formulas in general. We 
hope that one can use the property of commutativity with the screening operators as 
the defining property for these "g-characters" . This may give us some insights into the 
category of finite-dimensional representations of quantum affine algebras. Furthermore, 
it would then appear that Wq^tid) is a simultaneous deformation of representation rings 
of C/g(g) and Uti^g). We will discuss these issues in more detail in |20]. 

The paper is organized as follows: in Sect. 2 we define a two-parameter family of 
deformations of the Cartan matrix associated to each simple Lie algebra. In Sect. 3 
we define the Heisenberg algebra iKq^t(g) and the screening operators. We then define 
Wq^j(g) as the centralizsr of the screening operators in iKq^t(g). We conjecture the form 
of the generators of Wq^tid) and derive from this conjecture the exchange relations 
between the generators of Wg^t(g). 

We also compute the relations between the screening currents. It was shown in 
jl5[| that for q = Ai they satisfy elliptic relations, which can be considered as elliptic 



analogues of Drinfeld's relations in Uq{n) [11|. This fact has been used in |2j, 16] to 
construct two-sided resolutions of irreducible representations of deformed W-algebras. 
Here we obtain the relations for arbitrary g. 

In Sect. 4 we study various limits of Wg^j(g) and identify them with some known 
algebras. In Sect. 5 we give explicit formulas for the generating field Ti{z) of Wq^t(g), 
in the case when g is a simple Lie algebra of classical type. In Sect. 6 we discuss the 
connection between 'Wg^t(g) and the analytic Bethe Ansatz. In Sect. 7 we define the 

deformed W-algebra associated to the self-dual twisted affine algebra A^/ generalizing 
the recent work Q. 

In Sect. 8, we consider the scaling limit of the exchange relations between the gen- 
erators of 'Wq^t(g) and between the screening currents. We show that the scaling limit 
of Wg^t(g) can be identified with the Faddeev-Zamolodchikov algebra of an affine Toda 
field theory. In the case q = A^ this has been suggested by S. Lukyanov |32, |3^ (see 
also [31 1). The scaling limit of our free field realization can therefore be used to obtain 
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explicit formulas for form-factors in general affine Toda field theories along the lines of 
||3^ , ^ . On the other hand, relations between the screening currents give rise in the 
scaling limit to Drinfeld's relations, for both twisted and non-twisted affine algebras. 

In Sect. 9 we define the analogues of vertex operators (primary fields) for Wq^t(0), 
which correspond to the fundamental representations of UqQ). Using these vertex 
operators and the screening operators, one can give complete bosonization of the vertex 
operators in the general solvable SOS models, along the lines of p5| , |^. We note that 
the last two sections are somewhat more physics oriented than the rest of the paper. 

In Appendix A we give some explicit formulas for the Poisson algebras 3fg^i(g) and 
^q,i{9) for Lie algebras of classical types. In Appendix B we discuss the difference 
Drinfeld-Sokolov reduction in the case = C2. Appendix C contains explicit formulas 
for the matrices M{q, t) corresponding to the classical Lie algebras. In Appendix D we 



recall the definition of deformed chiral algebra from [19| 



Acknowledgements. The research of the first author was supported by grants from 
the Packard Foundation and the NSF. The research of the second author was supported 
by an NSF grant DMS 9401163. 

2. Two-parameter deformations of Cartan matrices 

2.1. General formula. Let g be a simple Lie algebra of rank i. Let (•,•) be the 
invariant inner product on g, normalized as in [^^, so that the square of the maximal 
root equals 2. Let {ai, . . . ,ai} and {uji, . . . ,0;^} be the sets of simple roots and of 
fundamental weights of g, respectively. We have: 

{ai,ujj) = dij. 

Let be the maximal number of edges connecting two vertices of the Dynkin diagram 
of g. Thus, = 1 for simply-laced g, = 2 for Bi, Ce, F4, G2, and = 3 for D4. Set 

D = diag(ri, . . . ,re), 

where 

(2.1) ri=r . 

All rj's are integers; for simply-laced g, D is the identity matrix. 
Now let C = (Cjj)i<jj<^ be the Cartan matrix of g. We have: 

2(ai,aj) 
(««,««) 

Denote by / = {Iij)i<ij<e the incidence matrix, 

Let B = (-Bjj)i<ij<£ be the following matrix: 

B = DC, 

i.e., 

Bij = r'^{ai,aj). 



Cij 
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Now let q, t be indeterminates. We will use the standard notation 

Ng = rr- 

We define £ x ^ matrices C{q,t), D{q,t), and B{q,t) by the formulas 

(2.2) = (q'H-' + g-'"^t)5ij - [lij],, 

(2.3) L»(g,t) = diag([ri]„... ,H,), 

5(g,t) = L>(g,t)C(g,t). 

Thus, 

(2.4) B,,{q,t) = [r4 ((g-^^r^ + q-''H)5,,, - . 

It is easy to see that the matrix B{q,t) is symmetric. For simply-laced g, 

Cij{q,t) = Bij{q,t) = {qr^ + q~^t)6ij - hj. 

Clearly, the limits of C{q,t), D{q,t), and B{q,t) as g — > 1 and t ^ 1 coincide with 
C, D, and B, respectively. Note also that 

Bij{q, 1) = [Bij]q, 

and 

Bij{l,t) = niit + t-^)6ij - lij). 

It is interesting that for all g, the Coxeter number h enters the determinant of 
C{q,t) as the power of t, and r^hy, where hy is the dual Coxeter number of g, enters 
the determinant as the power of q. For instance, for q = Af. 

detC(g,t) = ^ ' \ ' 

qt ^ — g 

(in this case h = r^^h^ = ^ + 1), for g = Bf. 

detC{q,t)=q^'-H-' + q-^'+H' 
(in this case h = 2l,r^hy = 2(2£ - 1)), for g = 

detC(g,t)=g^+ii-^ + g-^-V 
(in this case h = 2l,r^hy = 2{l + 1)), etc. 

3. Deformed W-algebras 

3.1. Heisenberg algebra 'Kq^t{Q)- Let 3ig,t(g) be the Heisenberg algebra with gener- 
ators aj[ra], ^ = 1, . . . , n G Z, and relations 

(3.1) [ai[n],aM\ = ^i'f ' 9"")^ - t-")S,,(g", r)(5„,_„. 

In this and other formulas of this type we understand that the 0th generator commutes 
with all other generators: [aj[0], aj[m]] = 0,Vm G Z. 
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The generators ai[n] are "root" type generators of Oiq^tis). There is a unique set of 
"fundamental weight" type generators, yi[n],i = 1, . . . ,£;n eZ, that satisfy: 

(3.2) [ai[n],yj[m]] = ^{q^^^ - q-^'nit'' - t-^')5^^,5n,-m. 
They have the following commutation relations: 

(3.3) [y^[nUAm]] = ^{q^ - q-^W^ - t-'^)M,,iq\n5n,-m, 
where {Mij{q,t))i<ij<i is the following matrix 

(3.4) Miq,t) = D{q,t)Ciq,t)-' 



D{q,t)Biq,t)-^D{q,t). 



Note that 



(3.5) a,[n]=^a,(g",n%N. 
Introduce the generating series: 



Ai{z) = i2(pv,a,)^-2rv(p,a,)+2a,[0] : exp ( ^ ai[m]z- 



Note that {p^,ai) = l,r^(/3, Oj) = r^. 

For each weight ^ of the Cartan subalgebra of q, let tt^ be the Fock representation of 
^g,t(0) generated by a vector Vfj,, such that ai[n]vn = 0, n > 0, and ai[0]i;^ = {ji^aijv^j^. 

3.2. Screening operators. Set t = q^. Introduce the shift operators e'^*,i = 1, . . . ,£, 
acting from tt^ to 7r^+/3ai) which satisfy commutation relations 

(3.6) [ai[n],e^^]=BijP5n,oe^^. 
Let 



(3.8) 



sr[0]=am/P- 
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Now define the screening currents by the formulas 

(3.9) S+{z) = e-^^/'-'z-'t^^^ -.explY^ st[m]z~'- 

(3.10) Sr{z) = e«»/^z^~[°l : exp | - ^ sr[m]z-"- 

\ my^O 

They satisfy the difference equations: 

(3.11) S+izq-^^) = t-^^^ : Mz)St{zq^^) 
and 

(3.12) Sr{zt) = . Ai{z)Sr (zt-^) : . 

Remark on notation. To avoid confusion, let us emphasize that in the case q = Ai 
our notation here differs slightly from that of |jl5|. Namely, our q and t here correspond 
to q^^"^ and (q/p)^^"^, respectively, of [jl5| (though our (3 coincides with /5 of |jl5|). We 
made this change of notation to avoid the appearance of half-integers in the formulas. 
Also, this notation agrees with that of [p!7| ]. 

The connection between our notation and that of is as follows: x = q/t,r = 
1/(1-/3); q = x\t = x'~-\ 





3.3. Definition of Wq^tiQ)- Let Hq^t{Q) be the vector space spanned by formal power 
series of the form 

(3.13) : d^'Yi^{zqH''^y^ . . . d^'Yi^{zq^'t'"Y' :, 

where ej = ±1. The pair (Hq^t(g), ttq) is a deformed chiral algebra (DCA) in the sense 



of [19|. The definition of DCA is recalled in Appendix D. 



Denote 

5+ = j Sf{z)dz : vro ^ '^-f3a,/n 

Si = / Si{z)dz : TTo TTa,- 



Here the integral simply means the (— l)st Fourier coefficient of the series S^{z), which 
is a well-defined linear operator. We call these operators the screening operators. 

We define the DCA Wg^t(g) as the maximal subalgebra of (Hq^tiQ), ttq), which com- 
mutes with the operators Sf,i = 1, . . . ,i, i.e., the subspace of Hq^t(g), which consists 
of all fields that commute with these operators. We define the deformed W-algebra 
'Wg^f(g) as the associative algebra, topologically generated by the Fourier coefficients of 
fields from Wg^t(0)- All elements of the algebra 'Wq^tid) act on the Fock representations 
tta and commute with the screening operators. 
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We call the field ( |3.13| ) elementary, if it does not contain derivatives. We assign to 
such a term the element of the weight lattice of q, 

e 

a=l 

Conjecture 1. Let q be a simple Lie algebra and q be the corresponding affine Kac- 
Moody algebra. For each i = 1, . . . ,£, there exists a field Ti{z) in Wg^t(g), such that 
Ti[z) = Yi{z)+ the sum of elementary terms of the form 

ciq,t):Yi{z)Ai,{zq^H''^)-\..Ai^{zq''H''^)-' : 

(where c{q, 1) is a positive integer independent of q). Furthermore, the set of weights of 
these terms counted with multiplicity c{q, 1) is the set of weights of the finite- dimensional 
irreducible representation V^. of Uq(Q) with highest weight uji. 

Such fields Tj(z) have been constructed in |l^, |2| in the case. In Sect. ^ we will 
explicitly construct the field Ti{z) for all simple Lie algebras of classical types. Some 
motivations for Conjecture Q are discussed in Sect. 6.1. 

3.4. Exchange relations. In this subsection we compute the exchange relations be- 
tween the fields Ti[z), provided that our Conjecture |l] is true. We assume throughout 
the rest of this section that (?| < 1 and \t\ < 1. 

According to Conjecture |, each Tj(z) is the sum of Yi{z) and other terms which 
are normally ordered products of Yi{z) and Ai{zq°'t^)~^ . Let us recall from [|l9| what 
we mean by an exchange relation. It follows from the commutation relations (p.l])- 
( p.3| ) that the composition Ti{z)Tj(w) converges for \z\ ^ \w\ and can be analytically 
continued to a meromorphic function on x with poles on shifted diagonals 
z = wy, where 7 G q^t'^. Let us denote this analytic continuation by R{Ti{z)Tj (w)) . 
By exchange relation we understand a relation of the type 

R{T,{z)T,{w)) = St„t, ( R{T,{wm{z)), 

where S{z) is a meromorphic function. 

According to formulas ( |3.1D and ( |3.2| ) the analytic continuations oiYi{z) and Ai{w)~^ 
satisfy: 

(3.14) R{Yi{z)Aj{w)-^) = R{Aj{w)-^Y,{z)), 

R{A{zy'Aj{w)-') = R{A,{w)-'Ai{z)-'), 

so that fields Aj{z)~^ are mutually local and also local with the fields Yi{w). Formulas 
( p. 14 ) imply that if Gf{z) is one of the terms entering Ti{z) and G^Aw) is one of the 



terms entering Tj{w), then 



which means that 
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It is straightforward to find from (|3.3D tliat 
(3.15) Sy^,Y, (^) =exp^l(g"-<7-")(r-r«)M,,(g",r)((^ 



n>0 



W 



wliere tlie matrix {Mij)i<cij<i is given by formula ( |3.4| ). Formula (3.15) is an elliptic 
function with the multiplicative period q^^ ^ t^^, where h and are the Coxeter and 
the dual Coxeter numbers, respectively. It can be rewritten as the ratio of products of 
theta-functions, as in []T5| in the case of A^. 

One can also obtain quadratic relations on the Fourier coefficients of various fields 
from the DCA Wg f(g) similar to the relations found in |41, 15, ^. A general method 
for writing such relations is described in [O]. 



3.5. Relations between the screening currents. Let = q^H ^ 

and pij = q^^H~^. Denote 



, rij = min(ri,rj), 



Introduce the notation 

oo 

9{z;a) = J|(l-zg"-i)(l-z-ig")(l-g"). 



n=l 



Direct computation gives us the following relations on the analytic continuations of 
the compositions of the screening currents Sf{z): 



w 



2 . 



w 



-Pi ^■,q'^''" 

z 

-^B,,p-iO[-Pi/;q''-^^ 



St{w)St{z), 



S+{w)S+iz), i/i,i?,,/0, 



S+iz)Sliw)=S+{w)S+iz), 



B. 



0. 



Let Pij = q^H . We have the following relations for S- {z): 



Sr{z)Sr{w)=pi[- 



W 



Z 



-2 J.2 

-Pi 



w ^ 

-Pt^t 



Sr[z)ST{w) 



2. +2 

i 1 

W 



Si {w)S^ (z), 



Pij-^t' 



W ^ 1 9 



Sj {w)S^ (z), i^j. 



For Q = Af^ these relations were obtained in [|T^]. 

One can use the screening currents to construct resolutions of irreducible representa- 
tions of'W(g), as in H, p4|, |l|l for = For that one needs to multiply each screening 
current by a ratio of theta-functions, to make them single- valued, as in 1 35, 16]. 
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4. Identification of various limits of 'Wq^tid) 

4.1. The conformal limit g — > l,t = q^. Let 3^/3(0) be the Heisenberg algebra with 
generators aj[n], z = 1, . . . , £; n € and relations: 

(4.1) [a.i[n],a.j[m]] = nByPSn-m- 

By abuse of notation, we denote by vr^ the Fock representation of ^/^(fl) generated by 
a vector f^, such that ai[n]v^ = 0, n > 0, and aj[0]f^ = {fi, ai)v^. We also use the same 
notation as before, e*^% for the shift operators acting from tt^ to vr^+/3Q.j and satisfying 

Now set 

(4.2) S+(z) = e-Q'A'^z-^'M/'-' : exp I ^ — 

(4.3) Sr(z) = eQ^Z/^z^'MZ/^ : exp | - V ^ajmlz" 



, md 



Denote 



I St{z)dz. 



These are the ordinary screening operators. 

Let us recall the definition of the ordinary W-algebra associated to g from 14]. 
Let ttq be the vertex operator algebra (VOA) associated to the Heisenberg algebra 
^/3(s) (see [0). For generic /3 the VOA W^(g) is defined as the vertex operator 
subalgebra of the VOA ttq, which is the intersection of kernels of the screening operators 

s-,i = i,...t 

I 

W^(0) = f|KerS-. 

i=\ 

Thus, W/3(g) consists of the fields that commute with S^. The W-algebra ^^(g) is 
defined as the associative (or Lie) algebra generated by the Fourier coefficients of the 
fields from W/3(g). 

Remark 1. In the notation of [|lj], our W^(0) is W^(0), where 7 = {r^ /PY'^. □ 



It was proved in |]l^] (see also IQ) that for generic /3, W^(0) automatically lies in 
the kernel of the other set of screening operators, S^,z = 1,... ,1. This implies the 
following duality. 



Theorem 1 (|T^). For generic 13, 

W^(0):^W,V/^(^S), 
where is the Langlands dual Lie algebra to q. 
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Now let US consider the limit of "Wq^tid) as g — > 1 with t = q^. Let us pass to a new 
set of generators 

ai[n] 



aim 



q-q !■ 



It is clear from formula (|3.1| ) that in the limit the operators ai[n] satisfy the relations 



given by formula (4.1). Hence we can identify ai[n] with aj[n] in this limit. Furthermore, 
it is easy to see that the limit of the field Sf^{z) equals Sf{z). Comparing the definitions 
of 'Wg^j(g) and 'W^(g), we obtain 

Theorem 2. In the limit g — > 1 with t = q^ , "Wq^tid) becomes "WfjiQ)- 

It is clear from the definition that Wq^f(g) ~ '^5-1,4-1(0) for all Q, and for simply- 
laced g, 

W,,i(g) ^ Wi,,(g). 

The latter is the analogue of Theorem || (note that ^g = g in the simply-laced case). 
However, for nonsimply-laced g, Wg^j(g) is not isomorphic to Wt^q(^g). 

4.2. The first classical limit t —> 1. Let us consider the limit 'Wg^i(g) of V^q^tid) 
as t — > 1 (g is fixed). Both ;Kq^i(g) and 'Wg^i(g) are commutative algebras, but they 
inherit a Poisson structure. The Poisson-Heisenberg algebra [Kq_i(g) has the relations 

{a,[n],a,[n]} = (g^-" - q'^'^nK-m- 

The Poisson algebra Kq,i was introduced in [^. Wq^i(g) is its Poisson subalgebra. It 
is easy to see that the limit g — > 1 of 'Wg^i(g) is isomorphic to the limit of 'W^(g) as 
P ^ 0. The latter is known to be isomorphic to the center of U(q) at the critical level 
and to W(^g) p|. 



Conjecture 2. The limit t ^ 1 of Wg^t(g) with fixed q is isomorphic, as a Poisson 
algebra, to the center of Uq(Q) at the critical level. 

Conjecture |2| was proved in for q = A£. It has been verified in for q = Bi,Ci 
and in ||2^ for g = D£,Eq and G2. Some of these results are given in Appendix A. 

The following observation also confirms the conjecture. Consider the quantized en- 
veloping algebra [/^(g) and its loop-like generators (Drinfeld's new generators), ^ in 
the notation of |[ll[|. In the limit when the level tends to 0, they generate a Poisson 



algebra 'Bg(g). In [jl^ we explained that the free field realization of Uq(g) induces an 



embedding of the center of C/q(g) into a Heisenberg- Poisson algebra Aq(g), which is part 
of the free field realization of Uq(Q). In the case q = Ag, when the free field realization 
is available Q, we know that this Heisenberg-Poisson algebra Aq{g) is isomorphic to 
'Bg(g). We expect that the same is true for other g. But it is easy to see that 'Bq(g) is 
isomorphic to 3<g^i(g). 

4.3. The second classical limit q 1. Now consider the limit 'Wi^t(g) of 'Wg^j(g) 
as g — > 1 (t is fixed). This is again a Poisson algebra, which is a Poisson subalgebra of 
?{i^t(g). The latter has the following relations: 

{ai[n],aj[n]} = ri((t t""^)5jj - Iij)6n-m- 
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The t ^ 1 limit of 'Wi^t(g) coincides with the (3 ^ oo hmit of 'W^(g), which is isomorphic 
to the classical W-algebra 'W(g) obtained by the Drinfeld-Sokolov reduction of the dual 
space to g (see On the other hand, in [21, a p-difference analogue of the 



Drinfeld-Sokolov reduction was defined as a Poisson reduction of the Poisson-Lie group 
S = G{{z)). The result of this reduction is a p-deformation of W(g), which we denote 
by 'WP(g). There is also an embedding of 'WP(g) into a Heisenberg-Poisson algebra; this 
is a difference analogue of the Miura transformation from [^] . These constructions are 
recalled in Appendix B. 

Conjecture 3. The limit (7 — > 1 o/'W|j^t(g) with fixed t is isomorphic to where 
p = t^^ . Furthermore, the free field realization ofWi^tid) coincides with the difference 
Miura transformation o/W^(g). 

For simply-laced g, the two Poisson algebras obtained as limits q ^ 1 and t ^ 1 
of Wg,t(g) are isomorphic: 'Wq^i(g) ~ 'Wi^q(g). On the other hand, for g = Ag, it 
follows from ||2l|, Q that Wt^iiA^) is the Poisson algebra obtained by the t-difference 
Drinfeld-Sokolov reduction of S'L^+i. Hence Conjecture ^ holds for g = Ai. 

In Appendix B we check Conjecture |3| for g = C2. 

Remark 2. We know that the center of U(g) at the critical level is isomorphic to 'W(^g). 
However, for nonsimply-laced g and q ^ 1, the center of Uq(Q) is not isomorphic to 
Wi,g(^g). □ 

4.4. The limit (7 — > e. Let e = 1 for simply-laced g, and e = exp(7ri/r^) for nonsimply- 
laced g. Since we have already discussed the limit g — > 1, we can now focus on 
nonsimply-laced g. Let Rg (respectively, Ri) be the subset of {1,2,... ,£}, consist- 
ing of the labels of short (respectively, long) simple roots. Note that = 2 for i G Rg, 
and rj = 2r^ for i £ Ri. The inspection of formulas (3.1), ( p.2p , and ( p.3| ) shows that 
although the algebra 3iq,f(g) is not commutative when q = e, it contains a large center 
J{j(g), generated by ai[n],i € Ri,n € Z, and ai[r^n\,i G Rs,n G Z. The center J{^(g) 
has a natural Poisson structure, with the Poisson brackets between the generators given 

by 



{ai [n],ai [m]} 
{ailr"^ n], ai\r'^ m]} 
{ai [n],aj[m]} 
{ai[r'^n],aj[m]} 

{ai [r^n] , aj [r'^m] } 



-1) ^ [t -t )dn-m, 
1 



-ine-t-^)5n,-m, 



n,—rm 



1 



i G Ri, 
i € Rs, 
i,j € RfJij / 0, 
i G RsJ € Rl■,I^j / 0, 

i,j e Rs;Iij / 0. 



Now the Dynkin diagram of g is obtained by folding from the Dynkin diagram of a 
simply-laced Lie algebra g under the action of an automorphism of order r^. Let T be 
the set of vertices of the Dynkin diagram of g, and o" : P ^ P be the corresponding 
automorphism of order r^. Denote by (Bij) the Cartan matrix of g. Consider the 
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Poisson algebra !Kt(g) with generators 5j[n],i € r,n G Z, and relations: 

(4.4) {biHb,[m]} 

(4.5) bi[n] 

We claim that the Poisson algebras !K^(0) and ^t(0) are isomorphic. Indeed, for 
each i G {1,2,... ,£}, choose an element i of the orbit of a in F corresponding to the 
simple root Oj. The long simple roots of Q correspond to simply-transitive orbits of a 
in r, while short simple roots correspond to the fixed points of a in T. Due to formula 
(^^), we can choose kj;[n],i € Ri;n € Z, and ^&j[r^n],i G -Rs;n G Z, as the linearly 

independent generators of !Ki(g). It is easy to see that the Poisson brackets between 
them coincide with the Poisson brackets between the generators of "K'^^q) up to a sign, 
which can be removed by an elementary redefinition of the generators. 

Now let be the twisted affine algebra, which is Langlands dual to g, i.e., the Cartan 
matrix of is dual to the Cartan matrix of g. Consider the quantized enveloping 
algebra Ut{^Q) and its Drinfeld's generators Ki^n fill (see Sect. 4.2). In the limit when 
the level of Ut{^Q) tends to 0, they generate a Poisson algebra ^^(^g). It is easy to see 
that 'Bt(^g) is isomorphic to !Kt(g), and hence to ^Kj(g). In view of the last paragraph 
of Sect. 4.2, it is natural to make the following conjecture. 

Let 'W^(g) be the intersection of ((g) and IKj(g). This is a Poisson subalgebra of 

Conjecture 4. 'WJ(g) is isomorphic, as a Poisson algebra, to the center of Ut{^Q) at 
the critical level. 

Some evidence supporting this conjecture will be presented in Sect. 6.2. 

5. Deformed W-algebras associated to Lie algebras of classical types 

5.1. The fields Aj(z). We first define a set J and fields Ai{z),i G J, for each simple 
Lie algebra of classical type. 

5.1.1. The Ai series. J = {1, ...,£+ 1}. 

Hz) =:Yi{zq-'+H'-')Yi^l{zq-HT' i = l,...,i+l. 

Equivalently, 

Ai(z) =yi(z), 

Ai{z) =: K{z)AHzq-'+h'-Y' :, i = 2, . . . 

5.1.2. The Bi series. J = {1, . . . ,£,0,1, . . . ,1}. 



= ^(r^''"(j) - t""'^'-''(j))(5, 

A:=0 

= e"6^(i)[n]. 
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Ki{z) =: Y,{zq-''+'f-')Yi_,{zq-'H 
Ae{z) =: Ye{zq-''+h'-')Ye{zq- 



■2£+l+£-l 



)Y,_,izq-''V) 



{q + q-^){qt-^ -q-H) 



q2t-l - q-2t 

-2e+2.e 



■■ Yi{zq 



-2£+3+£-l 



)Yt{zq 



-2£-l^£+l\-l . 



A.j{z) =: Ye_i{zq-''+H')Ye{zq-'''+H'+Y'yiizq 



-2€-l.^+l\-l 



Aj{z) =:Yi^i{zq- 
Equivalently, 



-U+2i+2^2i-i^Yi{zq 



-4e+2i^2e-i+l\-l . 



i = l,... ,e-i. 



Ai(z 
Ai{z 

Ao{z 

Aj{z 



Yi{z), 

: A.-i( 
{q + q-^)iqt-^ -q-h) 



A,_i(z)A,_i(zg-2»+2t-i)-i : 



q2t-l - q-2-t 

q^tr^ - q-'^t 



i — 2, . . . , i, 
: Aiiz)Aiizq-^¥)-^ 



{q + q-'){qt-^ - q-H) 
: Aj^{z)A{zq-'(''-^-'h''-r' 



: Ao{z)Mzq-''+H')-' 

i = i,... ,e-i. 



5.1.3. The Ci series. J = {I, ...,£,£,... ,1}. 



Ai{z) =: Yi{zq-'+H'-^)Yi_i{zq-HT' i =!,...,£, 



Aj{z) =:Yi_i{zq 



-2i+i-2.2i-i 



)Yiizq- 



2e+i-3^2e-i+l^-l . 



i = l,... ,£. 



Equivalently, 

Ai{z)=Yi{z), 



Ai{z) =: Ai_^{z)Ai_^{zq-'+H'-')-' : 
Aj{z) =: Ae{z)Aeizq-'-H')-' :, 
A-(^) =: Aj^{z)Ai{zq 

5.1.4. The Di series. J = {1, ...,£,£,... ,1} 



2e+i-2^2e-i\-l . 



A^{Z) 



Y,{zq-^+H^'^)Y,^r{zq-HT^ :, 



Y,{zq-'+h'-')Y,^,{zq-V)-' 

e^.e\-l 



i — 2, . . . ,i, 
i = l,... 



1,... ,i-2, 
-e+ij.e-i\-i . 



■e+2^1-2-^ 

Yt_,{zq-'+H'-^)Y,{zq-H' 
Ye^2{zq-'^h'-')Ye.i{zq-¥)-'Y,{zq-¥) :, 
Yi_,{zq-^'+'+H^'-'-^)Yi{zq-^'+'+H^'-'-Y^ :, i = l,. 



. ,1-2. 
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Equivalently, 

Ai(z) 
A.(^) 



Yi{z), 

A,_i(z)A,_i(z<7-^+if-i)-i 
Ae-i{z)Mzq-'+H'-'y' :, 

Uz)Mzq-'+H'-Y' 



-2e+i+2^2e-i-2\-l 



1,... 



2. 



5.2. The first generating field of the deformed W algebra. For each Lie algebra 
of classical type, set 



(5.1) 



T,{z) = Y^U, 



■ Rl 



{z,w) 



z,w 



In the Ai case the field coincides with the one obtained in ||, g. 

Theorem 3. For each Lie algebra q of classical type, the field Ti{z) commutes with 
the screening operators S^,i = 1, . . . ,£ and hence belongs to Wg^j(g). 

Proof. As in ||l^, |2|, we need to prove that the commutator of Ti{z) and S^{w), con- 
sidered as a formal power series in z and w, is a total difference with respect to w: 

[T,{z),St{w)]-^^^^+' 

[Tiiz),Sr{u;)] 

where 

w[l — a) 

This will immediately imply the statement of the theorem. 

This fact has already been proved in |15, § in the case g = A£ not only for Ti{z), 
but for all Ti{z),i = 1, . . . , ^. Hence we focus on the remaining series 2?^ , C^, and D^. 

Note that according to formula ( |3.2D , 

It is then clear from the explicit formulas for Ti{z) that nontrivial contribution to the 
commutator \Ti{z), Sf{w)], where i = 1, . . . ,£ — 1 (resp., i = 1, . . . , ^ — 2) in the case 
Q = Bi,C£ (resp, g = Di) come from the terms Aj(z), Aj+i(z), and Aj{z) , A-^:y{z) . It 
is easy to see from the formula for Ti{z) that the corresponding contributions coincide 
with the commutators of S^{w) with Ti{z) and Ti-i{z), respectively, in the case g = A£. 
Hence they are total differences according to ^. 

For the remaining screening currents: Sf{z) in the case g = B£,Ci, and S^_^{z), 
Sf{z) in the case q = Dn,\i suffices to prove the statement when g is of types B2, C2, 
and g = D3. In the latter case, the field Ti{z) is the same as the field T2{z) for q = A3, 
and hence this case follows again from g. Thus, we are left with g = B2,C2 and 
Sfi^w). Here we explain the proof in the most difficult case Q = B2 and S2{w). In the 
remaining cases the statement is proved by a similar computation. 
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We find using formula : 

A2{z)S^{w) = g \_^'^4^„i : A2{z)S^iw) :, \z\ » \w\, 

S^{w)A2{z) = ^ \~^f_, ■■ Mz)S2H :, \w\ » \z\. 

This implies the following commutator between the formal power series A2{z) and 
S2{w): 

(5.2) [A2(z), S^{w)] = {q' - 1)5 (^q^t-^) : Y2{wq^)Y2{wq)Y^{wt)-^ S:^ {w) : . 
We obtain in an analogous way: 

(5.3) [Ko{z),S:,{w)]={q-^-q^)5(^qH-^) : Y2{wqH-^)Y2{wq-^)-^ S:, {w) : 

(5.4) + (g2 - q-^)5 {^q^-^) : Y2{wq)Y2{wq'h''r^ {w) 
and 

(5.5) [A2(z),52- («;)] = 

_ (^gV^) : Yi{wt-^)Y2{wq-^)-^Y2{wq-'')-^S^{w) : . 

Now recall that 

S:^{zt) = t-^q^ : A2{z)S2{zt-'^) : 

and note that 

A2{z) =: Yi{z)-^Y2izqt-^)Y2izq-H) : 

(see formula ( |3.5| )). Using these formulas, we find that the terms ( |5.2| ) and ( ^.3| ) combine 
into a total t^-difference, and so do the terms ( ^.4^ and (^). Hence the result is 
proved. □ 

Theorem ^ proves Conjecture || for all g of classical types and their first fundamental 
representation. 

6. Connection with analytic Bethe Ansatz 

Now we discuss the connection between our formulas for Ti{z) and the analytic Bethe 
Ansatz. We expect the same connection to hold not only for g of classical types, but 
for all g. 

6.1. The limit t ^ 1. The specialization of our formula for Ti{z) to i = 1 coincides 
with the Bethe Ansatz formula for the eigenvalues of the transfer-matrix corresponding 
to the finite-dimensional representation Vuj-^ of UqCq) with highest weight toi. Let us 
explain that in more detail. 

For a finite-dimensional representation V of Uq(g), the Bethe Ansatz formula for the 
corresponding eigenvalue tv{z) is given by a linear combination of terms of the form 

y,,(z(z'^^)...y,,(zg"^-), 
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where Yi(z) are certain functions, such that the set of weights of these terms is the 
set of weights of V (see [37, 38, 29] for details). If we set g = 1, then tv{z) becomes 
simply the character of V considered as a representation of Uq{Q). Therefore tv{z) can 
be viewed as a "g-character" of the representation V. These q-characters satisfy the 
following natural properties: tv®w{z) = tv{z) +tw{z), tvis,w{z) = tv{z)tw{z), and 
V(A) = Wiz)^), where V{X) is the standard twist of by A € C^. 

Systematically, these g-characters can be obtained as follows. Each finite-dimensional 
representation V of Uq(Q) gives rise to a generating series Tv{z) of central elements of 
Uq(g) at the critical level |9[ (see also 0). In we showed that the free field real- 
ization of Uq{A^^^) gives us an embedding of the center of Uq{A^^^) into the Heisenberg- 
Poisson algebra 'Kq^i{Ai), and that the formula for the image of Ty^_{z) in 3ig,i(g) 
coincides with the formula for ty^. {z) obtained by the Bethe Ansatz. Although the free 
field realization of f7g(0) has not yet been constructed for g other than A^^ we expect 
that it exists for arbitrary g. Furthermore, we expect that one can reproduce the Bethe 
Ansatz formulas by applying the free field realization to the generating series Tv{z) of 
elements of the center of Uq(Q). The fact that the limit t — > 1 of our formulas for Ti{z) 
agrees with the Bethe Ansatz formula ty^^ {z) therefore provides supporting evidence 
for Conjecture || and a motivation for Conjecture ||. 

Our derivation of the formula for Ti{z) suggests two features of the Bethe Ansatz 
formulas that appear to be new. First, we represent the terms Aj(z) in the formula 
for the eigenvalues as the products of Yi{z) corresponding to the highest weight, and 
the "step operators" Ai{z)~^ corresponding to the simple roots. Second, we show that 
the linear combination Ti{z) of the terms h.i{z) is distinguished by the fact that it 
commutes with the screening operators Sf, which are well-defined in the limit t ^ 1. 

We expect that Conjecture ^ has the following generalization: to each integral domi- 
nant weight A of g one can attach a field T\{z) from Wg^t(g), which is the sum of terms 
corresponding to weights in the irreducible representation V\ counted with multiplicity. 
The limit of Tx{z) as i — > 1 should coincide with tv^{z), and hence one obtains a new 
method of singling out the "g-characters" by their property of commutativity with the 
screening operators Sf. We will discuss this in more detail in [pO|]. 

In the case of A^, explicit formulas for other generating fields Ti{z),i = 2, . . . i, have 
been found in [17, [l^, Q. Their specialization at t = 1 coincides with g-characters 
of the finite-dimensional representations of A^ with highest weights uJi,i = 2, . . . i. In 
fact, these fields can be obtained from the field Ti{z) by a "fusion procedure", i.e., by 
taking the residues in the operator product expansions of the fields Tj(z). Moreover, 
for Q = Ai it seems that all fields Tx{z) can be constructed starting from Ti{z) via 
the fusion procedure (some examples have been given in Q), and so Wq^t{Ae) is the 
smallest subalgebra of the DCA (Hg^t(g), ttq), containing Ti{z). For general g, it would 
be interesting to analyze which fields Tx{z) can be obtained from Ti{z) by the fusion 
procedure. 

We also remark that our formulas above and formulas from [^, ^ suggest that 
the fields Tx{z) should have the following symmetry: if we replace q Q~^,t — > t~^, 
and Yi{z) Yi{z)~^ , then Tx{z) becomes Tj{z), where A is the highest weight of the 
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representation dual to V\, up to an overall multiplication of z by a factor q°'t^. In our 



formulas above, this factor equals t 

6.2. The limit g — > e. For simply-laced g, we have the duality Y^q^tio) — "^t,g(0)- 
Hence 'V^i^ti^) is isomorphic to 'Wt^i(g). Thus, without loss of generality in this sub- 
section we can focus on nonsimply-laced g. 

Recall that according to Conjecture |^, the subalgebra 'W^(g) of 'We,t(0) is isomorphic 
to the center of Ut{^Q). Just as in the non- twisted case (see the previous subsection), to 
every finite-dimensional representation V of Ut (^g) corresponds a Bethe Ansatz formula 
- its "t-character" . On the other hand, it also gives rise to a generating series Tv{z) 
of central elements of Ut{^Q). We expect that Ut{^Q) has a free field realization, which 
embeds the center of Ut{^Q) into a Heisenberg-Poisson algebra, so that the image of 
Tv{z) coincides with the formula for the t-character of V. 

Therefore we expect that the formulas for the elements of 'Wg^f(g) that lie in yi/[{Q) 
in the limit g — > 1, coincide with the corresponding Bethe Ansatz formulas. Examples 



of the latter formulas are known in the literature |^, 3C], and we can compare them 
with our formulas. 

Let us first consider the formula for Ti{z) in the case of Bg. In this case, all simple 
roots, except for the £th root, are long and the ^th root is short. Hence an element 
of Wq^tiBi) lands in W^(i3^) as (7 — > i if ^^(z) appears in it only through combination 
Y£{z)Y£{zq'^), giving Y£(z)Y£{—z) after the specialization q = i. We see from our for- 
mula that this is so for Ti{z). Furthermore, the term h.Q{z) vanishes at g = so we 
are left with 2£ terms. Comparison with |]38| , ^ shows perfect agreement between the 
resulting formula for Ti[z) and the Bethe Ansatz formula for the 2^-dimensional repre- 
sentation of Ut{A^2t-i) (note that \B^p) = A^2t-i)- This provides supporting evidence 
for Conjecture ^. 

Thus, Ti{z) "interpolates" between the g-character of the {21+ l)-dimensional rep- 
resentation of Uq{B^^^) (in the limit t —>■ 1) and the i-character of the 2^-dimensional 

(2) 

representation of C/((^2£_i)- 

In the case of Ci, the short simple roots are ai,... ,a£-i, so for an element of 
'^q,tiCe) to land in Wj(C^) as g — > i, the fields Yi{z) should appear in it only in 
combination Yi{z)Yi{zq'^) for i = 1, . . . ,£—1. Inspection of our formula for Ti{z) shows 
that it does not satisfy this condition. However, the specializations to q = i of other 
fields from Wq^f(C^) may well satisfy it, in which case they should coincide with the 

t-characters of certain representations of Ut{D^^-^), since ^{C^^^) = 

We have constructed such a field in the case = C2 . In the notation of the previous 
subsection, this is the field T2ujj^{z). When t = 1 it coincides with the g-character of 

the representation V2(^i of Uq{C2^^), while at g = i it coincides with the t-character of 

the representation V^^ of Ut{D^ ). We expect that the same is true when g = C^. 

It would be interesting to see how this duality works for general representations, 
and whether it actually sets up a correspondence between certain finite-dimensional 
representations of C/g(g) and Ut{^%). 
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6.3. The limit q ^ 1. Finally, let us consider the special case g = 1 of our formula 
for Ti{z). We claim that it is closely related to the Bethe Ansatz formula for the first 

fundamental representation of Ut{gy), where =^(■^0) (e.g., {B'^^^y = and 

(CJ^V = The latt er can be found in ||3^, The only difference is that in 

the models associated to twisted affine algebras, Bethe Ansatz formulas contain terms 
of the form Yi{e^zt°'). Our formulas coincide with formulas for the eigenvalues modulo 
the e factors, which are absent in our formulas when t = 1 (these factors do appear in 
the limit g — > e, see the previous subsection). This indicates that our formulas at q = 1 
are i-characters of finite-dimensional representations of some algebra closely related to 
f/*(0^). 

It is again interesting to analize explicitly how finite-dimensional representations of 
the dual pairs of affine algebras, g and g^, get connected in the deformed W-algebra 
Wg^j(g). This is clear for simply-laced g, but one can see rather intriguing effects for 
nonsimply-laced g, similar to those considered in the previous subsection. 

For instance, in the case q = Bi the deformed W-algebras apparently interpolates 
between finite-dimensional representations of B^^^ and D^^-^. The first fundamental 
representation of B^^^ has dimension 2£+ 1, while the first fundamental representation 

(2) 

of has dimension 2£ + 2. We see from the formula for Ti{z) above that at t = 1 
there are indeed 2i + 1 terms corresponding to the weight spaces in the fundamental 
representation of B^^\ On the other hand, at g = 1, one of the terms gets doubled, 
and there appear 2£ + 2 terms, corresponding to the weight spaces in the fundamental 

(2) 

representation of 

Similar effect probably occurs for the dual pairs {F^^\e^q^) (26- and 27-dimensional 

fundamental representations, respectively) and {G^2\^'4^) ^-^d 8-dimensional fun- 
damental representations, respectively). 

In the case g = our formula for Ti{z) connects the 2£~dimensional fundamental 
representation of C^^^ and the 2£-dimensional fundamental representation of a!~21-i- 

7. The case of 
(2) 

Up to now, we have not discussed the series self-dual twisted affine algebras. 

In this section we define the deformed W-algebra associated to ^2/ ^-^^ its free field 
realization. One may also view it as the W-algebra associated to the non-reduced 
root system BC(^. The results of this section generalize the results of Brazhnikov and 
Lukyanov , who constructed the deformed W-algebra associated to A^2^ . 

(2\ 

First we define the £ x £ symmetric matrix B{q,t) associated to A^/ as follows: 
B,,iq,t) = [2],B^{q^t), 
Bu{q,t) = [2]g{qh-^ -1 + q-H), 
where {Bf-{q,t)) is the i3-matrix associated to A^. 

f2) 

By definition, the Heisenberg algebra 'Kq^t{A-2i) has generators ai[n]^i = 1,... 
n € Z, and relations ( p.lD with B{q,t) as above. We define the "dual" generators 
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yi[n] by formula ( |3.3| ) with = 2,Vi, and the operators e^^ by formula ( |3.6D , where 
Bij = Bij{l, 1). 
Now set 

Ai{z) = f2g-4+2a,:[0] : exp | ^ a^Hz" 

y,(z) = i.(2£+l-.)^-2.(2£+l-.)+2,,[0] . j : . 

VmeZ / 

The screening operators are defined by formulas ( |3.9| ) and ( 3.1C| ), in which we set 
Tj = 2, Vi. 

f2) ['2) 

Now we define the DCA Wq^f(A2/) as the maximal subalgebra of (Hg^t(^2/)) ^o)) 
which commutes with the operators S~,i = We define the deformed W- 

(2) 

algebra Wg^t{A2/) as the associative algebra, topologically generated by the Fourier 
coefficients of fields from 'Wg^tiA^i)- We expect an analogue of Conjecture || to hold 

(2) 

in the A^/ case. 

Here is the explicit formula for the field Ti{z): 

T^{z)=Y,K{z), 
where J = {1, . . . ,£,0,i,... ,1} and 

A,{z) =: Yi{zq-^^'+'h^-')Y,^,{zq-^HT' :, i = !,...,£, 
Ao(.) = VC'l' Ye{zq''V)Y,{zq-'('+'¥+Y' 

A.(z) = q-^ : yi_i(zg-2(2^-+i)t2^-^+i)y,(zg-2(2£-i+2)^2^-.+2)-i i = 1, 1. 

Equivalently, 

Ai{z) = Yiiz), 

A,(z)=:Ai_i(zMi_i(zg-2(^-i)f-i)-i :, i = 2,... 

Ao(z) = : A,(z)^K^'Z"''i')"' 

1 — g^r ^ 

1 — g^r 

A,(z) =: Aj:^{z)A{zq-^(''-^^'k''-^^Y\ ^ = l,...,l-l. 
Again, we find a perfect agreement between the specialization of this formula to g = z 

(2) 

and the formula obtained by analytic Bethe Ansatz in the integrable model (see 
1 38, in agreement with our general scheme outlined above. 

Note however, that in contrast with the general case, Ti{z) (and probably other fields 
as well) does not commute with the second set of screening operators, S^. 

^in the case of ylg^' this has been observed in Q 
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8. The scaling limit 

8.1. The scaling limit of the exchange relations and factorized scattering. In 

this subsection we show that in the scaling Hmit the function Sij{x) = Sy^Xji^) given 
by formula ( p.l5| ) becomes the S-matrix of the ith and jth particles of the affine Toda 
field theory associated to g ^, in the integral form given by T. Oota [p^. 
Let us set 

z = e-'^l^ w = e-'^^', 
B B-2 

Put 9 = 01 — ^2- Then in the limit e — > with 6i and B, the function Sij{x) becomes: 
Sij{9) = 

dk iun 2 — B^ , B , / B , S-2. 



exp -4 / -77^ • sinh irk ■ sinh w.w TtA: • Mij ( ea^^^" , 

(the integral should be understood as the principal value). 

This formula coincides with Oota's integral formula for the S-matrix of the affine 
Toda field theory .0 This means that the scaling limit of our deformed W-algebra 
'Wq^j(g) can be viewed as the Faddeev-Zamolodchikov algebra of the Toda theory. This 



has been suggested by Lukyanov in the Ai case ^ (see also |^ ) . The scaling limit 



of Wq^t{Ae) has also been studied in [23|. The scaling limit of our free field realization 
can be used to obtain explicit formulas for form-factors in general affine Toda field 
theories along the lines of |32, 33, 0. 

On the other hand, the functions Sij{9) describe (at least in the simply-laced case) the 
scattering amplitudes for the lowest breather particles in the aflane Toda field theories 
with imaginary coupling constant (these particles are bound states of solitons analogous 
to the breather particles of the sine-Gordon model). This fact is connected with the 
particle-breather duality of Toda theory |2^, |2^. Note that the Toda theories with 
imaginary coupling constant are non-unitary (except for g = ^i). In order to have a 
physically meaningful quantum field theory, one has to restrict those theories to RSOS 
scattering states. 

The functions ( ^.15 ) are elliptic generalizations of the S'-matrices of the affine Toda 



field theories. Hence they can also be interpreted as the S'-matrices of the RSOS model, 
whose scaling limit gives the corresponding restricted Toda theory with imaginary 
coupling constant. The algebra Wq^tid) can therefore be interpreted as the Faddeev- 
Zamolodchikov algebra for this RSOS model (in the case q = Ai this has been suggested 
in [^). The embedding of Wq^f(g) into 'Kq^tid) give us a bosonization of this Faddeev- 
Zamolodchikov algebra. 

8.2. The scaling limit of the screening currents. Set 

(8.1) a; = e2'^^™, q = e'^^'\ t = e^^'^f^ . 



^Note that a factor of i is missing in front of the integral in and that the matrix (Cat) used in 
I ^gI is the transpose of the Cartan matrix according to the conventions of [^. We thank T. Oota for 
clarifying this point to us. 



Consider the limit of G^j{x) as r — > +iO with x,^, and t given by ( |8.lD . Using the 
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Denote by Gfj{w/z) be the function appearing in the quadratic relation between 
Sf{z) and S^{w) from Sect. 3.5: 

Stiz)Sf{w)=Gf^ {^)sf{w)St{z). 

modular properties of the function 9(z; a), we find: 

0^e'^^i■r{u+a).^2n^T^ ginvrfu + a) 
lim = 

Applying this formula, we obtain the following limits for the functions G~-{x): 

sin (u — 2) 

Sm2;g(U + /? + i^fcmj 

By shifting the variables ti^, = 1, . . . , in the obvious way, we obtain the following 
relations between the scaling limits s^(n) of the screening currents: 

If we set z = e'^^'^^^ ,w = e'^*''/^, and g = e'^*/^, then the function g'j^^ appearing in the 
right hand side of formula ( p. 10 ) becomes 

_ zq^'J — w 

9km ^ _ yjqBij ' 



and we see that relations ( ^.4| ) coincide with the Drinfeld relations |11| in the subalgebra 
of Uq{Q). 

Analogously, we obtain the following limits for the functions G^^(x): 



. , , , , sin ,j^{u + r km + 

sm2^(u + rfc„ 

By shifting the variables n^, A; = 1, . . . , we obtain the following relations between the 
scaling limits s^{u) of the screening currents: 

sin-^(t; -u + /?) ^ 

(8.8) = —r^7r——l^^Uv)st{u), k + m, Bkm + 0. 

Sin ii? u p) 

' km 
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Denote by gfj the function appearing in the right hand sides of formulas ( |8.7| ), (| 
Set z = e™/'^\'u; = e'^™/'^'', t = e-'^^^l''"' . Then the functions gl^ become 

+ zt^ -w 
ffL = k^meRi, Bkm + 0, 

9kk - _ y,2rV^2r-v ' k e Rs, 

where Ri and -R^ denote the sets of long and short simple roots, respectively. It is easy 
to recognize in these formulas the Drinfeld relations in the subalgebra Ut{xi) of Ut{^Q). 

Thus, the relations of Sect. 3.5 between the screening currents S~{z) (resp., S^{z)) 
can be considered as elliptic analogues of Drinfeld relations in Uq(Q) (resp., Ut{^^)). 

9. Vertex operators 

Vertex operators are constructed from the fields Yi{z) in the same way as the screen- 
ing currents are constructed from the fields Ai{z). 

Introduce the operators e*^"*,? = 1,... ,£, acting from vr^ to vr^+/3a;ii which satisfy 
commutation relations 

Let 

(9-1) ^^+H = ^J^L. - "^^0' vtm = yA^]/n, 

(9.2) ^rH = ^jf7-"- , rn^Q, ^- [0] = y,[0]//3. 
Now define the fundamental vertex operators by the formulas 

(9.3) y+(z) = e^-^/'^^z^^^M : exp f - V v+[m]z-"' 



(9.4) Vr{z) = e-Q^J^z'"^ ^ : exp ^ v-r[m]z- 

They satisfy the difference equations: 

(9.5) V+izq'^) = t-2(p^-.)^2rv(p,..,) . Yi{z)V+{zq-'^) :, 
and 

(9.6) V-{zt'^) = t-2{p\-.)g2rV(p,a.,) . Yi{z)Vr {zt) ■ . 

For = ^1 these operators have been constructed in |^, and for g = Ai they 
have been constructed in M. 
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In the conformal limit, q ^ 1,^ = the fields V~ {z) and Vj^{z) become the 
bosonizations of the highest weight components of primary fields of 'W^(g). These 
primary fields correspond to the fundamental representations of 3 (generalizations of 
^i,2(-z)) and fundamental representations of (generalizations of <I>2,i(^;)), respectively. 
Other components of these primary fields, corresponding to other weight components 
of the fundamental representations, are obtained by applying to them the screening 
operators of the same type (— or +). Langlands duality interchanges the — and + 
vertex operators. 



In the important works |34, 35, U| it was shown that similar picture holds in the 



deformed situation in the case g = A^. In those papers a complete bosonization of the 
vertex operators of the SOS models associated to A^p and their restricted counterparts 
had been obtained. The highest weight components of those vertex operators are 
V~{z) (in our notation), and the rest are obtained by applying to them the deformed 
screening operators Sj . These are the "type I operators". It was explained in Q that 



these operators are bosonizations of the half-infinite transfer-matrices on the lattice for 
the A^ face model. We expect that the fields V~{z) associated to general Lie algebras 
can be used in the same fashion to obtain the bosonization of type I operators in the 



corresponding SOS and RSOS models [p5 |. 



The "type II operators" should be obtained in the same way, starting from V^{z). 
However, note that in the conformal limit the components of the type II operators 
correspond to weight spaces in the fundamental representations of ^g, rather than g. 

Remark 3. Note that in the classical limits t — > 1 (respectively, g — > e), the vertex op- 
erators Vj^{z) (respectively, V~{z)) become Baxter's Q-operators of the corresponding 
integrable model. □ 

Appendix A. Poisson algebras 'Wq,i(g) 

In this section we make explicit computations in the Poisson algebra 'Wg^i(g), when 
g is a simple Lie algebra of classical type. 

Recall that M{q,t) = D{q,t)B{q,t)~^ D{q,t). For classical Lie algebras, these ma- 
trices are given in Appendix C. Set 



M,,(x)= ^((?--g— )M,,(g-,l 



We have the following Poisson brackets: 

{Ai{z),Aj{w)} = 'Bij Ai{z)Aj{w), 

{Yi{z),Y,{w)} = M,, (^) Yi{z)Yj{w). 



A.l. Ai case. In this section we recall the results of |17]. 
We have: 

Ai{z) =Y,{zq-'+^)Yi_i{zq~T\ i = l,... 
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The generators of Wq^i{A£) are 

l<ii<...<ji<n.+l 



We have: Ti+i{z) = 1. 

The Poisson brackets are [17|: 

{T,{z),Tj{w)} =M^j 

i 

p=i 

i 

\i i < j and i + j < ^ + 1; and 

{ri(z),T,H} = Mi, 

N-j 

p=i 



z 

w 
zq 

wq 



wq- 



Ti{z)Tj{w) 

2p I Ti-p{w)Tj+p{z) 
i-i+p) \ 

1 Ti-p{z)Tj+p{w), 



^ Ti{z)Tj{w) 

Ti~p{w)Tj+p{z) 

Ti^p{z)Tj+p{w) 



w 
"1^ 



zq 



p=i \ 



if i < j and i + j > I + 1. 



A. 2. Bi case. This and the next two subsections are taken from |18|. 
We have: 



Ai{z 
Ae{z 
Ao{z 
Kj{z 



Yi{zq-^'+^)Yi-l{zq-^')-\ i=l,... ,£-1, 

Y,{zq-^'^')Y,{zq-^'^')Y,_,{zq'^Hr\ 
Y,{zq'^'^^)Y,{zq-^'-^)\ 

Y,^^{zq-''^^^^^)Y,{zq~''^^^Y\ ^ = 1, . . . 



Let 



i = l,... ,£-1, 



{ii,...,i>}e5 

where S is the set of {ji, ... such that ja < ja+i or ja = ja+i = i + l,a 
1,... 

The formula for Ti{z) can be found in [^]. 
Remark 4. In the formulas above, corresponds to q^^"^ of [p!7|]. 



□ 
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The Poisson brackets are: 



{A,(z), A,H} = Mil Q Hz)Aiiw), 

{Mz),A,{w)} = Mil ) A,(z)A,H + - 5 (^) 

if i < j. 

These formulas imply for i > 2: 

{Ti(z),riH} = Mii (^)Ti(z)riH 




In the case of B2 the formulas for the Poisson brackets can be read off the formulas for 
the Poisson brackets in the case of C2 given in Sect. A. 4. 

A. 3. Ce case. We have: 

Aiiz) =Y,{zq-'+')Yi^l{zq-')-\ i=l,... ,i, 

Aj{z) = Y,.,izq-''+^~')Y,{zq-''+^-^)-\ i =!,...,£. 

Let 

T,iz)= Aj,{z)Aj,izq)...A,^izq'-^), i = l,...,i, 

{ji,...,i0e5 

where S is the set of {ji, . . . such that 1 < ji < ■ ■ ■ < ji < 2i and if ja = k^jp = 
2^ + 1 - A: for some k = l,... ,i, then I < £ + a - p. 

Remark 5. In the formulas above, q corresponds to q^^"^ of [0]. □ 
The Poisson brackets are: 



{Kiz),Ai{w)} = Mil (^) Ai{z)Ai{w), 
{A,(z), A,H} = Mil (^) A,(z)A,H + (^6 

+ S 



w 



zq^ 



w 



zq 



^ 1 A _ _ A 

2£-2j+4 ] " 



W 



zq 



2£-2i+2 / id 



Ai{z)Aj{w) 



if i < j. 
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These formulas imply: 

{n{z),Ti{w)} = Mil Q Ti{z)Tiii 



w 



+ H—2]T2{Z)-S 



+ s 



w 



zq 



2€+2 



-6 



w 



wq 
z 

21+2 



72 H 



A.4. Poisson brackets for C2. In this subsection we give a compute description of 
the Poisson algebra Wq^i(C2). 



{ri(z),riH} = ^ 



^^m g—m\j^q2m _j_ ^—2m\ 

3m I ^— 3m 



q^m^q 



-) ri(z)TiH 



+ nT7>.]T2{z 



+ 5 



zq'' 
w 
zq^ 



wq 



72 H 



wq 



mz),uw)} = Y^ 



q'^rn _ q 2m 



-,3m 



+ q-3m \ 2- 



mdl 



)m 
Ti{z)T2{w) 



w 



zq-' 



+ 6l-j]T,{w)-6 



wq 



Ti{wq^), 



{Uz),T2{w)}=J2 
mez 



(^q2m _ q-2m^(^qm ^ ^-m^, 



q3m _j_ q—3m 



T2{z)T2{w) 



+ H — 

zcf 



{T^{w)T^(wq^)-T2{we)) 



wq 



A. 5. D£ case. We have: 



A,{z 

Ae{z 
Aj{z 



= Y,{zq''+^)Y,^,{zq-T\ i =!,...,£- 2, 

= Ye{zq-'+')Ye^,{zq-'^')Y,_2{zq-'+Y\ 
= Ye_,izq-'+^)Ye{zq-')-\ 

= Ye{zq-'+')Y,_,{zq-Y\ 

= Y,_2{zq~'+^)Y,_^{zq-')-^Y,{zq-')-\ 
= y,_l(zg-2^+^+2)^.(^^-2^+.+l)-l_ 
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Let 

Tiiz)= Yl A,-,(z)A,,(V).--A,,(V'-'), i = l,...,i-2, 

where S is the set of {ji, ... , jj}, such that ja < ja+i or ja = ja+i + l = ^ + l,a = 
1,... 

The formulas for r^_i(z) and T£(z), which correspond to the spinor representations 
of D^^^ are given in [l7| ]. 

The foUowing formulas are due to A. Kogan [p^ ]. 

{Uz),Ai{w)} = Mil (^) Ai(^)A^H, 
{A,(z), A,H} = Mil (^) A,(z)A,H + (^5 (^^) - 5 



+ ^ (^^) ^.I - ^ ( ^^2^2.-2 ) ^.7) A.(^)A,(u;), 



if i < j. 



{Ti(z),riH} = Mii (^)Ti(z)TiH 

Appendix B. The difference version of the Drinfeld-Sokolov reduction 

in the case q = c2 

B.l. Recollections. Let us briefly recall the difference Drinfeld-Sokolov reduction 



scheme [21, 40 1. Let G be a simple algebraic group, and S = G{{z)) be the corresponding 
formal loop group. Consider the following action of S on itself by difference gauge 
transformations: 

(B.l) g{z) ■ x{z) = g{zp)x{z)g{z)~^ , 

where p is a non-zero complex number. Let Si,i = 1, . . . ,i, be the simple reflections 
from the Weyl group W = N{H) / H, where H is the Cartan subgroup of G, and N(H) is 
its normalizer. Choose once and for all their lifts nj, z = 1, . . . , £, to N(H) C G. Denote 
by U the upper unipotent subgroup of G, and by Ui its one-dimensional unipotent 
subgroup corresponding to the ith simple root. Now set 

M = Uni...niU, C = UiniUin2 ■ ■ ■ UiUi. 

Let U = U{{z)),M = M{{z)), C = C{{z)). 



Theorem 4 ( pO[| ). The restriction of the action (B.l) to U C S preserves M. The 
resulting action 0/ It on M is free, and C is the cross-section of this action. 
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Furthermore, in (for g = ^i) and I^Oj (in general) a Poisson structure was 
defined on S, which descends to a well-defined Poisson structure on M/IX ~ S. The 
corresponding Poisson algebra of functions on C is the Poisson algebra WP(g) considered 
in Sect. 4.3. 

Let !K be the formal loop group of H. We define following |4C] the difference Miura 
transformation m : IK — > C. Let U be the lower unipotent subgroup of G. There is a 
unique element / G M n [/. Denote by s the Coxeter element of W: s = si . . . se (note 
that s here corresponds to of |^^). Define an embedding i : !K ^ M that sends 

€ !K to X • / • s^^{x^^). It is easy to see that i{x) £ M. 

The difference Miura transformation m : J{ — > C is by definition the composition of 
i and the projection M — > S. In |4C] a Poisson structure was defined on J{, that makes 
the map m Poisson. 

The above construction has been worked out explicitly in the case g = in |21, 4C]: 
it was shown that the Poisson algebra W''{Ai) is isomorphic to the Poisson algebra 
'Wt^i{Ai), and the Miura transformations for the two Poisson algebras coincide. This 
proves Conjecture ^ in the case q = A^. In the next subsection we prove Conjecture ^ 
in the case = C2. 



B.2. The case of C2. We realize C2 = Sp4 as the group of 4 x 4 matrices A with 
det A = 1, which satisfy 

A^JA = J, 



where 



We choose 



J 



/O -l\ 

0-10 

10 

\i y 



ni 



/I 








o\ 






1 













1 







-1 














-1 



















-1 


Vo 








V 









1 


0/ 



We have 



U 



{ (I a b+f 

1 d 

1 

[\0 



b - — 
" 2 

—a 
1 / 



, a, 6, c, d G C 



' /l o\ 
1 a 
10 



Uo 



' fl 13 \ 

10 

1-/3 

[VO 1/ 
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and so 
(B.2) 

Next, we choose: 



C 



{ ( Si 1 \ 

-52 Si -1 

10 

IV 1 oy 



/I o\ 
-110 
1-110 

VI 11/ 



and write a typical element of H as 











\ 





-1/2 














-1 1/2 
^1 ^2 





I 











Now, to find explicit formulas for the difference Miura transformation, we have to 
represent the matrix (B.2) as 

u{zt) ■ x{z) ■ f ■ s-^{x{z)-^) ■ u{z)-^, 

where u{z) G 11. Straightforward but tedious calculation gives: 

(B.3) Si{z) = xi{z) + xi{zp)~'^xi{z)'^X2{zy^ + xi{zpy^X2{zp) 

+ xiizp'^y'^, 

(B.4) 52(2;) = xi{zfx2izy^ + X2izp) + 2xi{zp)xi{zp^)~^ 

+ Xl{zp)'^Xi{zp^y'^X2{zpy^ + Xi{zp^y'^X2{zp'^). 

Now set p = t^. If we let Yi{z) = xi{z), and Y2{z) = xi{zt^^)'^X2{zt~^)~^ , then 
formula (B.3) becomes: 

(B.5) Si{z) = Yi{z) + Y2{zt)Yi{ze)-^ + Y2{zt')-^Yi{ze) + Yi{zt^)-\ 

It coincides with the formula for the generator Ti{z) of 'Wi_t(C2). 

On the other hand, if we let Yi{z) = xi{z)'^X2{z)~'^ , and Y2{z) = xi{zt), then formula 
(B.4) becomes: 



(B.6) 



S2{z) = Yi{z) + Y2{ztfYi{ze)-^ + 2Y2{zt)Y2{zt^)-^ 
+ Y2{zt')-^Yi{ze) + Yi{zt^)-\ 



It coincides with the formula for the generator Ti{z) of "Wi^f(i?2), which is the same 
as the generator T2{z) of 'Wi^t(C2) up to a shift. Thus, the generators of 'Wi_t(C2) and 
W* (C2) coincide. 

Now we compute the Poisson brackets between Yi{z) using formula (4.1) of [40|. First 
we find the eigenvectors of the transformation x s~^{x) on H. These are represented 
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A 








0^ 




n 















i 













—i 








ei = 








—i 













i 







Vo 








V 




^0 








V 



with the eigenvalues —i and respectively. In terms of these elements, the Poisson 
tensor of [EH] on 'K is represented by the formal power series 



(B.7) 



(recall that p = t^). 

Now let Bi{z) be (i,i)th matrix entry of element of "K. Using formula (B.7), we 
obtain the following Poisson brackets: 

I f l-i l+i 



{B,{z),B,{w)] = Y, 

= E 



w 



(1 - 1^"^) 



+ 1- 



-2n 



5i(z)5i(tz;), 



Bi{z)Bi{w) 



and similarly: 



{Si(z),i?2(^)} = 



wN," (r 



2n 



Bi(z)52(?i;), 



{i?2(^),i?2(«^)} = E 



+ t- 



■2n 



B2{z)B2{w) 



Under the map x x-s~^{x~^), xi{z) goes to -Bi(z), and xi{z)x2{z)~^ goes to B2{z). 
Hence Yi{z) = Bi{z),Y2{z) = Bi(zt^^)B2{zt~^), and straightforward calculation gives 
us the following Poisson brackets: 



{Y^{z),Y^{w)} = Y, 



t2n _^-2n 



t2" + t~ 



-2n 



Yi{z)Yi{w) 



{Y,{z),Y2{w)} = J2i- 



{Y2{z),Y2{w)} = Y,(^ 



f2n _^ f-2n 
j.2n 



Yi{z)Y2{w), 



^2n + ^-2n ^2 (^)1^2 (u^) • 



This agrees with the Poisson bracket 

"W 

z 



{Y,{z),Y,H} = Y^ 



{e-t--)Mc,{l,nY,{z)Y,{w), 



in 3ii^t(C2). Hence Wi j(C2) and W* (C2) are isomorphic as Poisson algebras, which is 
what we wanted to show. 
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Appendix C. The matrices M{q,t) for Lie algebras of classical types 
series. 



Bi series. 

M - n t) — — - — — > ^ y 1 < < o ^ / 

^ " (g2t-l _ q-2t) {qi^-H-i + q-^i+H^) ' ^ ^ ^ < ^' 

A/r ( f\- iq^'t-"-q-'H^){q + q~^) ^<■ 



Mu{q, t) 



2i^-e _ -21^1 



{qH-^ - q-H){q^^-H-^ + ^"2^+1*0 ' 
Q series. 

{qt-^-q-H){q^+H-' + q-^-H^) ' ^ ^ ^ ^ 

-D^ series. 

Mii{q,t) = -eiTpe+r^^^eTHe^' 1 < z < ^ - 2, 



ge-2f-e+2 _ q-£+2^e~2 



{qt-^ + g-it)(g^-it-^+i + q'^+H^-^) ' 



Appendix D. Deformed Chiral Algebras 

Definition. A deformed chiral algebra (DCA) with a representation is a collection of 
the following data: 

• A vector space V called the space of fields. 

• A vector space W = U„>oW„ called the space of states, which is union of finite- 
dimensional subspaces Wn- We consider a topology on W in which {W„}„>o is 
the base of open neighborhoods of 0. 



32 



EDWARD FRENKEL AND NICOLAI RESHETIKHIN 



• A linear map Y : V ^ F,ndW(i^[[z, z^^]] that is for each A gV, a formal power 
series Y{A,z) = J2nez ^ where each An is a linear operator W — > W, such 
that An • Wm C W„_j_7v(n) 5 ^"T- ^ 0; some N{n) € Z. 

• A meromorphic function S{x) : — > Aut(y (8) V), satisfying the Yang-Baxter 
equation: 

Si2iz)Si3{z'w)S23{w) = 823(10) Si3{zw)Si2iz), 

for ail z,w (z . 

• A lattice L C C^, which contains the poles of S{x). 

• A vector S y, such that Y{^}, z) = Id. 

The data of deformed chiral algebra should satisfy the following axioms: 

(1) For any A^ & V,i = 1, . . . ,n, the composition Y{Ai, zi) . . .Y{An, Zn) converges 
in the domain \zi\ ^ ... ^ \zn\ and can be continued to a meromorphic operator 
valued function 

zi)... Y{An, Zn)) : (C><)" ^ }lom{W,W), 
where W is the completion of W with respect to its topology. 

(2) Denote R{Y{A, z)Y{B,w)) hy Y{A(^ B;z,w). Then 

Y{A ® B; z, w) = Y{S{w/z){B A)-w, z). 

(3) The poles of the meromorphic function R{Y{A, z)Y(B, w)) lie on the lines z = wy 
where 7 G L. For each such line and n > 0, there exists C„ G y, such that 

dz 

Res,=^^ R{Y{A, z)Y{B, w)){z - w-f)""— = Y{Cn, w). 
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